Abstract. According to the Erdős-Szekeres theorem, for every n, a sufficiently large set of points in the plane contains n in convex position. In this note we investigate the line version of this result, that is, we want to find n lines in convex position in a sufficiently large set of lines. We prove almost matching upper and lower bounds for the minimum size of the set of lines that always contains n in convex position. We also establish the dual versions of many variants and generalizations of the Erdős-Szekeres theorem.
Introduction
The classical Erdős-Szekeres Theorem [9] states the following: For every n ≥ 3 there is a smallest number ES(n) such that any family of at least ES(n) points in general position in R 2 contains n points which are the vertices of a convex n-gon. There are hundreds of variants and generalizations of this result. The best known bounds for ES(n) are (1) 2 n−2 + 1 ≤ ES(n) ≤ 2n − 5 n − 2 + 1, see [10] , [27] . Since 2n−5 n−2 + 1 ≈ 4 n / √ n, there is a huge gap between these bounds.
We consider the following line or "dual" version of this theorem: For every n ≥ 2 there is a smallest number ES l (n) such that any family of (at least) ES l (n) lines in general position in R 2 contains n lines which determine the sides of an n-cell. To our surprise we could find almost no trace of this theorem in the literature. The only exception is the result of Harborth and Möller [16] which states that for every n, every pseudoline arrangement with sufficiently many pseudolines contains a subarrangement of n pseudolines with a face that is bounded by all of them. The existence of ES l (n) follows from this. Some clarification is needed. A finite family of lines is in general position if no three lines are concurrent, no two are parallel and no line is vertical. From now on we assume that every family of lines that we work with is in general position.
Let n ≥ k ≥ 2. A family of n lines (in general position, as we just agreed) in the plane defines a k-cell P if P is a connected component of the complement of the union of these lines, and the boundary of P contains a segment from exactly k of the lines. A k-cell is always convex, it is either bounded, and then it is a convex k-gon, or unbounded, and then its boundary contains exactly two half-lines. A family of n lines is in convex position if it defines an n-cell. A family of lines spans an n-cell if it contains n lines in convex position.
Note that a family of 3 lines always defines three 2-cells and four 3-cells out of which exactly one is a triangle. A family of 4 points in the plane may not determine a convex 4-gon but 4 lines always define two 4-cells, a bounded one and an unbounded one.
n ES(n) ES l (n)  2  -2  3  3  3  4  5  4  5  9  7  6 17 ≥ 15 Table 1 . Known values of ES(n) and ES l (n).
Here is a quick proof of the existence of ES l (n). Assume F = {a 1 , . . . , a N } is a family of lines where the equation of a i is y = m i x+c i and the ordering is chosen so that m 1 < m 2 < · · · < m N . The triple of lines a i , a j , a k with i < j < k is coloured red if the intersection of a i and a k lies below a j , and is coloured blue otherwise. Ramsey's theorem implies that, for large enough N , F contains n lines so that all of their triples are of the same colour. It is easy to see that these n lines are in convex position. The n-cell defined by them is actually unbounded. Note that, in general, the existence of a bounded n-cell cannot be guaranteed. This is shown by the lines containing (N − 1)/2 consecutive edges of a regular N -gon (where N is odd).
This argument gives a doubly exponential bound for N . A single exponential bound follows from (1) and from the fact that, in the projective plane, the point and line versions of the Erdős-Szekeres problem are dual to each other. On the other hand, in the affine plane the point and line versions of the Erdős-Szekeres theorem are not dual to each other: the dual of the convex hull of n points is not a cell (or an n-cell) in the arrangement of lines dual to the points. However something can be saved from duality. Namely, caps and cups go to cups and caps by duality and this will be used in Section 3. By this observation we obtain ES l (n) ≤ ES(2n).
Our main result establishes almost matching upper and lower bounds for ES l (n).
Here the lower bound is of order 4 n /n and the upper one is of order 4 n / √ n.
So the lower bound is much larger than the one in (1), which is conjectured to be the true value of ES(n). Thus one may wonder if this conjecture, the so called Happy End Conjecture, is correct or not. In later sections we study variants of the Erdős-Szekeres problem for lines, most of them are inspired by variants of the original one. Further information on the Erdős-Szekeres Theorem can be found in the surveys [21] and [2] .
Initial values of ES l (n)
First we compare the known values of ES(n) and ES l (n) for small values of n in Table 1 . Note that any two lines define a 2-cell so ES l (2) = 2 but ES(2) does not make much sense.
The exact value of ES(6) was confirmed with the help of a computer [25] . We determined the value of ES l (5) by a computer analysis of all possible configurations of 7 lines. To do this, we used the database on Tobias Christ's home web-page http://www.inf.ethz.ch/personal/christt/line_arrangements.php containing all possible simple line arrangements of up to 9 lines [5, Section 3.2.5]. The bound for ES l (6) is shown in Figure 4 .
In principle, a family of n lines may define several n-cells, but this only happens for n = 2, 3, 4. Proposition 2.1. A family of n ≥ 5 lines in the plane defines at most one n-cell.
Proof. Assume it defines two n-cells, P and Q, say. There is a line in the family that separates P and Q as otherwise they coincide. There are at most 4 distinct lines that are tangent to both P and Q. But every line in the family is tangent to both P and Q, so n ≤ 4.
Upper bounds for ES l (n)
The original proof [9] of the upper bound in (1) uses cups and caps. A set of points {p 1 , . . . , p n } forms an n-cup if the point p i is below the line p i−1 p i+1 for every 1 < i < n. If instead, p i is above the line p i−1 p i+1 for every i, then this set forms an n-cap.
For the line case we can do something similar. Let F = {a 1 , . . . , a n } be a family of n lines in general position where the equation for line a i is y = m i x + c i , and m 1 < m 2 < · · · < m n , again. We say that F forms an n-cup if a i is above a i−1 ∩a i+1 for every 1 < i < n. This is also equivalent to F defining an unbounded n-cell open from above. We define an n-cap analogously. With these definitions, the proof by Erdős and Szekeres works in the line case almost without modification.
As mentioned before, there is a duality such that cups and caps for lines go to caps and cups for points. This is achieved by using the map
which is a bijection between the set of non-vertical lines and the set of points in the plane. Assume we are given three lines ordered according to slope with equations y = m i x + c i for i = 1, 2, 3. These lines are concurrent if and only if the corresponding points (m i , c i ) are collinear. This is because both conditions are equivalent to the equation
If the lines form a cup, then this equation will be an inequality and the left-hand side will be larger. The new inequality is equivalent to the points forming a cap. If instead the lines form a cap, then the points must form a cup. Let f l = f l (k, l) be the smallest number of lines needed so that every family of f l lines contains a either k-cup or a l-cap. Applying this duality to what was shown in [9] , we immediately obtain the following.
As a consequence we obtain
This is the same as the bound proved by Erdős and Szekeres for ES(n). In the case of points however, this bound has been improved upon several times [6, 18, 26, 27] to finally obtain
The techniques used to make these improvements do not readily translate to the line case, but based on the idea of Kleitman and Pachter [18] , we can get the smallest possible improvement of 1. Assume that F does not contain n lines in convex position. Consider the set of all intersections of the lines, and take their convex hull C. Let v be a vertex of C, given by the intersection of lines a and a . By a suitable projective transformation which does not change convexity of the lines, we can assume that F is a vertical configuration and the lines a and a correspond to a 1 and a N .
Let A ⊂ F be the set of lines which form the last line, (that is, the line of largest slope), of some (n − 1)-cup in F, and let B ⊂ F be the set of lines which form the first line (the line of smallest slope), of some (n − 1)-cap in F.
Suppose that A ∩ B = ∅. Then there is an (n − 1)-cup a i1 , a i2 , . . . , a in−1 in increasing order, and an (n − 1)-cap a j1 , a j2 , . . . , a jn−1 , also in increasing order such that a in−1 = a j1 . Then, just like in the original Erdős-Szekeres argument, either a i1 , a i2 , . . . , a in−1 a j2 forms an n-cup, or a in−2 , a j1 , a j2 , . . . , a jn−1 , forms an n-cap, a contradiction.
Therefore, A and B are disjoint. Observe, that a 1 can not be the last line of an (n − 1)-cup, so it is not in A. If a 1 is in B, then, using the fact that we have a vertical configuration, the (n − 1)-cup starting with a 1 can be completed to an n-cell with the line a N (see Figure 1 ). As this is impossible, a 1 is not in B either. 
Lower bounds for ES l (n)
An exponential lower bound follows from (1) and from Lemma 3.1. A family with n−4 n/2 −2 lines that does not contain n/2 caps or n/2 cups can not contain an n-cell. This gives the bound ES l (n) = Ω(2 n / √ n).
We will construct an example which gives the better lower bound of Theorem 1.1. Some preparations are needed.
If the lines a 1 , . . . , a n form a cap or a cup, then they define an unbounded n-cell P . Clearly, any vertical line intersects P . An n-cell P defined by lines a 1 , . . . , a n is unbounded to the right (resp. left) if it is unbounded and it is to the right (resp. left) of some vertical line. The two lines a i , a j for which P ∩ a i and P ∩ a j are unbounded are called the end lines of P .
Let F be a family of lines and let A = δ 0 δt δ 2 , with t ∈ R and δ > 0.
Apply an affine transformation of the plane v → A v + b, where v, b ∈ R 2 . This transformation is the composition of a "flattening" (x, y) → (x, δy), a scaling (x, δy) → (δx, δ 2 y), a vertical shear transformation (δx, δ 2 y) → (δx, δtx + δ 2 y) and finally, a translation (δx, δtx + δ 2 y) → (δx + b x , δtx + δ 2 y + b y ). From this, it is not hard to see that a line with slope m goes to a line with slope t + δm, hence the ordering of lines according to slope is preserved. The upward direction is also preserved, so cups, caps, and cells unbounded to the right and left remain invariant. We call these affine transformations unbounded-cell-preserving affine transformations.
Let a be a non-vertical line, ε > 0, and let F be a family of lines. Let F(a, ε) be a family of lines satisfying the following conditions:
(i) the slopes of all lines in F(a, ε) are within ε of the slope of a; (ii) all intersections of the lines of F(a, ε) are below the x-axis; (iii) the distance between any two intersections of the lines of F(a, ε) is at most ε.
It is easy to find a suitable unbounded-cell-preserving affine transformation such that the image of F satisfies properties (i), (ii) and (iii). These new families will be used in the following construction. In the each step we replace each line a with some construction F(a, ε) recursively. Proof. The construction is essentially the same as the one from Lemma 3.1, obtained by dualising the construction of Erdős and Szekeres for points. But here we have to be more careful.
For every positive integer k, let F k,1 = F 1,k = {a}, where a is any horizontal line. None of these families contain a 2-cap, 2-cup or 4-cell unbounded to the right. Now suppose that we have families F k−1,l and F k,l−1 satisfying the properties. Let a 1 and a 2 be two lines, both of positive slopes such that a 2 has greater slope than a 1 . Assume that they intersect above the x-axis. Let ε be a very small number and let
Assume that G ⊂ F k,l defines a (k + 1)-cup, then G must contain lines from both F k−1,l (a 1 , ε) and F k,l−1 (a 2 , ε). But because a 1 has smaller slope than a 2 , G can not contain more than one line from F k,l−1 (a 2 , ε). Since the lines in G ∩ F k−1,l (a 1 , ε) form a cap, it contains at most k − 1 lines. This is a contradiction. We can show similarly that F k,l contains no (l + 1)-cap. Now assume that G ⊂ F k,l defines a 4-cell P unbounded to the right. Let b 1 and b 2 be the end lines of P . It is impossible for
, therefore we may assume that b 1 ∈ F k−1,l (a 1 , ε) and b 2 ∈ F k,l−1 (a 2 , ε). But then G can define at most a 2-cell unbounded to the right.
Observe, that if we reflect F k,l over a vertical line, we obtain a family of lines F k,l with no (k + 1)-cup, no (l + 1)-cap, and no 4-cell unbounded to the left. Proof. Assume for simplicity that n = 2k+2 for some k and let F k,k = {a 1 , . . . , a N }, where the lines a i are ordered according to slope and N = 2k−2 k−1 . Applying a suitable unbounded-cell-preserving affine transformation, we can assume that every a i has positive slope. Now define F = i F k,k (a i , ε) for some ε > 0 very small. The number of elements in F is
We now show that for n > 4 F spans no n-cell. Assume for a contradiction that G = {b 1 , . . . , b n } defines an n-cell, G ⊂ F.
For each a i , consider the set G i = F k,k (a i , ε) ∩ G. We divide the proof into 4 cases depending on the cardinality of I = {i : |G i | > 1}. The elements of I are just the subscripts i for which F k,k (a i , ε) ∩ G contains at least 2 lines. Case 1. If |I| ≥ 3, take a family of 6 lines containing 2 elements from 3 different sets G i with i ∈ I. These 6 lines should define a 6-cell, but a quick inspection shows that this is not possible. Case 2. If I = {i, j} with i < j, then G must define an n-cell unbounded to the left. Furthermore, G i defines a cap and G j defines a cup. This implies that G i ∪ G j contains at most 2k lines. Finally, there can be at most one other line in G because a i , a j and the lines in G \ (G i ∪ G j ) form a cell unbounded to the left. Thus |G| ≤ 2k + 1, a contradiction. Case 3. If I contains a single element i, then there are several subcases to consider.
If G i = {b 1 , b 2 }, then the family G must form an unbounded cell. It must also form either a cup or a cap, otherwise |G| ≤ 3. Since G \ {b 1 } is combinatorially a subset of F k,k , we may conclude that G ≤ k + 1.
If |G i | ≥ 3 and the elements of G form a bounded cell or an unbounded cell to the left, then G ⊂ F k,k (a i , ε). This implies |G| ≤ 2k which is not possible.
If |G i | ≥ 3 and the elements of G form an unbounded cell to the right, then there can be at most one other line in G which gives |G| ≤ 4.
If |G i | ≥ 3 and the elements of G form a cup or a cap, then the whole family G must form a cup or a cap. Hence there are at most k elements in G i and k elements in G \ G i ∪ {a i }, giving |G| ≤ 2k − 1. Case 4. If I = ∅, then G is essentially the same as a subset of F k,k . It therefore has at most 2k elements.
If n = 2k + 1, then a bound of
The lower bound in Proposition 4.2 is weaker than that in Theorem 1.1 by a factor of 2. The better construction is a direct consequence of the following result. The proof is similar to that of Proposition 4.2, so we only present the construction. The rest of the proof and is left to the reader. Theorem 4.3. Let k ≥ 2 be an integer. If n = 2k + 2, there is a family of
lines that spans no n-cell. If n = 2k + 1, there is a family of
lines that spans no n-cell.
Proof. First assume that n = 2k + 2 and let
Take a line a with slope 1 and a line b slope −1 intersecting above the x-axis. Construct the families F k,k (a, ε) and F k,k (b, ε), for some very small ε, each with N lines. Reflect both families about the x-axis and apply a vertical transformation so that all intersections are above the x-axis. Let F denote the resulting family of 2N lines.
Let F = {a 1 , . . . , a 2N } with the lines are ordered according to slope as usual. The first N lines are a reflected copy of F k,k and the last N lines are a reflected copy of F k,k . The resulting configuration is shown in Figure 3 . Finally, we consider F k,k (a i , ε) for i ≤ N and F k,k (a i , ε) for N < i ≤ 2N . The union of these families contains 2N lines. An analysis similar to the one made in Proposition 4.2 shows that it spans no n-cell.
The case n = 2k + 1 can be done using the union of the families
. These examples do not give optimal values for ES l (n). For small n, similar ideas can be used to give better examples. Figure 4 shows constructions which imply ES l (5) ≥ 7 and ES l (6) ≥ 15.
Empty n-cells
Erdős [8] also asked the following question: Given n ≥ 3, is there an integer N such that every family X of N points in general position contains n points whose convex hull is an empty n-gon? An n-gon is empty if no point of X lies in its interior. The answer is positive for n ≤ 6 [15, 22] and negative for n ≥ 7 [17] . The same question can be asked with lines instead of points. We want to find a subfamily G of a family F of lines that defines an n-cell such that no line of F intersects the interior of this n-cell. Such a cell is called an empty n-cell. Of course an empty n-cell is defined by F itself.
So the question is whether an arrangement F of sufficiently many lines (in general position) defines an n-cell. Here is an example showing that the answer is no for n ≥ 5. For every k ≥ 0 let x 2k = (k, 0), and for every k ≥ 1 let x 2k−1 = (0, −k). Construct lines a i inductively with x i ∈ a i for every i. First define a 0 and a 1 as any two lines through x 0 resp. x 1 so that a 0 ∩ a 1 is above the x-axis. For each i > 1, a i is the line through x i so that all the intersections between the lines a 0 , . . . , a i−1 are above a i and all points x 0 , . . . , x i−1 are below a i . The construction up to a 5 is shown on Figure 5 . It is easy to see that with each line introduced, no new 5-cell is formed.
x 4 x 5 Figure 5 . A family of lines without empty n-cells for n > 4.
There are other examples with no empty n-gon for n ≥ 5. Namely, there are arrangements of pseudo-lines in the Euclidean plane for which all bounded cells are 3-cells and 4-cells. These can be found in [19] , where it is shown that all such examples are stretchable.
So what remains is to decide whether there is a family of N lines in general position without empty 3-or 4-cells. There is always an empty 3-cell: just choose a line form the family F and let a, b ∈ F be the two lines whose intersection is closest to . It is easy to see that and a and b define an empty triangle of F. This argument gives N/3 empty triangles (when N = |F|).
The case of empty 4-cells is wide open. We could only find one non-trivial example with no empty 4-cell. This is shown in Figure 6 . It is worth noting that there is no other example with this property in the range 3 < N < 10. This was confirmed by a computer. Some further examples, results and questions in this direction can be found in [13] and in [11] .
As for the coloured versions, every two-coloured point set in general position contains an empty monochromatic triangle, but it is unknown whether there is always an empty convex monochromatic quadrilateral. The case of lines is simpler. Order the lines in the example in Figure 5 according to their intersection of the xaxis and colour them alternately red and blue. Lines a 0 , a 1 , . . . , a n define no empty monochromatic 3-cell or 4-cell. For even n there is no empty monochromatic 2-cell either.
The positive fraction version
In this section we extend the positive fraction Erdős-Szekeres theorem from [4] to the line case. Given families of lines F 1 , . . . , F n , a transversal is simply a line a i from every F i . Theorem 6.1. For every n there exists a number C n such that any family F of lines with large enough |F| contains subfamilies F 1 , . . . , F n , each of size at least C n |F|, such that every transversal of F 1 , . . . , F n defines an n-cell.
Proof. The proof is based on the method from [23] as refined in [24] . Assume that H = {a 0 , a 1 , . . . , a 4n } ⊂ F defines a (4n + 1)-cell P with sides S 0 , S 1 , . . . , S 4n (here S i ⊂ a i for all i) where the sides are listed in the order they appear on the boundary of P . Here S 0 and S 4n are the two half-lines if P is unbounded, otherwise the common point of S 0 and S 4n is the point of P with the highest y component. We say in this case that {a 0 , a 2 , a 4 , . . . , a 4n } supports H. It follows that F has a (2n + 1)-element subset, say H * = {b 0 , b 2 , . . . , b 4n } that supports at least
Assume now that
(4n + 1)-tuples in F that define a (4n + 1)-cell. The lines in H * define a (2n + 1)-cell with sides T 0 , T 2 , T 4 , . . . , T 4n . For j = 1, 3, 5, . . . , 4n − 1 let F j denote the set of lines in F that intersect T j−1 and T j+1 . We omit the simple proof of the following fact: Every transversal of F 1 , F 3 , . . . , F 4n−1 defines a 2n-cell.
Let t be the n-th smallest number among the 2n integers
showing that 4 . Finally, let J be the set of subscripts j with |F j | ≥ t. Clearly, every transversal of the system F j , (j ∈ J) defines an n-cell.
Remark. This proof, together with Theorem 1.1 shows that one can choose C n = 2 −32n n 2 and large enough |F| means |F| ≥ 2m 4 = 2 ES l (4n + 1) which is about
Here is another positive fraction version of the Erdős-Szekeres theorem for lines:
Theorem 6.2. For every integer n ≥ 2 there is C n > 0 such that the following holds. Assume F is a finite family of lines which is partitioned into nonempty subsets F 1 , . . . , F m where m = ES l (n). Then there are n subscripts 1 ≤ j 1 < j 2 < · · · < j n ≤ m and subsets H ji ⊂ F ji with |H ji | ≥ C n |F ji | (for all i) such that every transversal of the system H i1 . . . , H in defines an n-cell.
For the proof we need the so called same type lemma for lines from [3] . Three (nonempty) families F 1 , F 2 , F 3 of lines in general position in the plane are said to have the same type property if for every {i, j, k} = {1, 2, 3} and for every choice of a i , b i ∈ F i , a j , b j ∈ F j , no line in F k separates the intersection points a i ∩ a j and b i ∩ b j . Next, let F 1 , . . . , F m (m ≥ 3) be finite families of lines with F i in general position. These families have the same type property if every three of them have it.
Here is the same type lemma for lines from [3] . 
Choose a line a i form every family F i . By Theorem 1.1, there are subscripts 1 ≤ j 1 < j 2 < · · · < j n ≤ m so that the lines a j1 , . . . , a jn define an n-cell P with vertices x 1 , . . . , x n−1 in this order along the boundary of P where x i = a ji ∩ a ji+1 for i = 1, . . . , n − 1. We claim that the families H j1 , H j2 , . . . , H jn satisfy the requirements. Let b ji ∈ H ji be another line for i = 1, . . . , n, we want to prove that they also define an n-cell. For this it suffices to show that replacing a ji by b ji in the system a j1 , . . . , a jn , the new system defines an n-cell. For simpler writing set i = a ji and b = b ji .
We explain the base case first. Assume n ≥ 4 and let x i−2 , x i−1 , x i , x i+1 be consecutive vertices of P . Set The same method works if P is a bounded cell, just set x n = n ∩ 1 , and write subscripts modulo n. An almost identical approach is to be used when P is unbounded and i = 1, 2, n − 1, n. We omit the straightforward (but tedious) details.
Remark. The constant D m in the same type lemma is 2 −16m 2 from [3] , giving a doubly exponential (in n) bound for C n . Note further that Theorem 6.2 implies Theorem 6.1, actually a slightly stronger version, but with a much weaker constant. We mention further that a very general theorem on semi-algebraic sets due to Fox et al. in [12] can also be used to prove Theorems 6.1 and 6.2, but the resulting constants are again much weaker.
Specified number of intersecting lines
For any point set P in general position in the plane, let I(P ) denote the interior points of P , that is, those points of P which are not on the boundary of the convex hull of P .
The following conjecture of Avis et. al. [1] is closely related to the Erdős-Szekeres Theorem: For every n there is a g(n) such that any point set P in the plane with |I(P )| ≥ g(n), contains a subset S ⊆ P such that there are exactly n points of P in the convex hull of S. It is known only that g(n) exists for n = 0, 1, 2, 3 (see [1, 28] ). However, the analogous problem for lines is very easy. 
Points and lines mixed
Assume we have a family F of N lines and a family S of N points in the plane, in general position. Given a (possibly unbounded) 2n-gon K, we say that K is determined by (F, S) if it has n vertices from S and n edges that are subsets of n lines form F. Can one always guarantee the existence of a 2n-gon determined by (F, S)?
The answer to this question is no if n > 2. A simple example showing this can be obtained if F defines a cup P , and all the points in S are separated from P by every line in F.
Something can still be done, for example if we allow S to be translated. Recall f l from Section 3 or from Lemma 3.1.
. If F is a family of at least N lines and S is a family of N points, then there is a translation vector t and a convex 2n-gon K determined by (F, t + S).
Proof. Because of the definition of f l , F spans a (2n − 1)-cup or (2n − 1)-cap. The analogous statement for points also holds for S. If F determines a (2n − 1)-cup and S determines a (2n − 1)-cap (or vice-versa) then we can clearly find a vector t and a (4n − 2)-gon determined by (F, t + S).
Therefore we may assume that F spans a (2n − 1)-cup {a 1 , . . . , a 2n−1 } and S determines a (2n − 1)-cup {p 1 , . . . , p 2n−1 }. Here we order the lines by slope and the points by their x-coordinate.
Let p be a point on the line a n and above all other lines a i . Let a be a line containing p n and having all the other points p i above it. After applying a translation on S, we may assume that p = p n . There are two possibilities for the lines a and a n , since they are symmetric we only deal with one of them.
If the slope of a n is smaller than or equal to the slope of a, let q 1 be a point in a 1 above all other lines a i , and q i = a i−1 ∩ a i for i = 2, . . . , n. Then the 2n-gon K with vertices q 1 , . . . , q n , p n , . . . , p 2n−1 is determined by (F, S).
Final remarks
Not surprisingly, the higher dimensional case of the Erdős-Szekeres line theorem follows from the 2-dimensional one. Indeed, given ES l (n) hyperplanes in general position in R d , (d > 2), there are always n among them, say h 1 , . . . , h n and a convex polyhedron P such that each h i contains a (d − 1)-dimensional face of P . The proof is easy: one chooses a general position 2-dimensional plane L in R d . The hyperplanes intersect L in general position lines that span an n-cell Q in L, defined by lines h 1 ∩L, . . . , h n ∩L. Then Q is the intersection of L with the cell P which is a connected component of the complement of the union of h 1 , . . . , h n . Consequently P has the required properties.
What happens if, instead of lines, a finite family F of halfplanes is given in the plane? In this case, no matter how large |F| is, one can't find n halfplanes whose intersection is a convex n-gon (or n-cell). The example showing this comes from the regular convex N -gon which is the intersection of N halfplanes: the family of the complementary halfplanes has no subset of size n > 4 whose intersection is an n-cell. On the other hand, given N = ES l (2n) halfplanes in the plane (with their bounding lines in general position), there is always n among them so that either their intersection, or the intersection of their complements is an n-cell. This is quite simple: the N bounding lines define a 2n-cell P and either half of the corresponding halfplanes contain P or half of the complementary halfplanes contains it, and so they define a convex n-cell.
